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The effective fragment potential EFP method is an ab initio based polarizable classical method in
which the intermolecular interaction parameters are obtained from preparative ab initio calculations
on isolated molecules. The polarization energy in the EFP method is modeled with asymmetric
anisotropic dipole polarizability tensors located at the centroids of localized bond and lone pair
orbitals of the molecules. Analytic expressions for the translational and rotational gradients forces
and torques of the EFP polarization energy have been derived and implemented. Periodic boundary
conditions the minimum image convention and switching functions have also been implemented
for the polarization energy, as well as for other EFP interaction terms. With these improvements,
molecular dynamics simulations can be performed with the EFP method for various chemical
systems. © 2006 American Institute of Physics. DOI: 10.1063/1.2378767
I. INTRODUCTION
Polarizable force fields have been explored for approxi-
mately 30 years, since the pioneering studies of Vesely,1
Stillinger and David,2 Stillinger,3 Barnes et al.,4 and
Warshel.5 Most polarizable models use isotropic i.e., scalar
polarizability points at atoms or molecular centers. In geom-
etry optimization calculations and molecular dynamics MD
simulations, the forces and torques on the molecules are re-
quired and must be evaluated accurately and efficiently.
Based on a variational treatment of the polarization energy,
Vesely1 and Stillinger3 derived an expression for the forces
acting on the isotropic polarizability tensors. Using a direct
differentiation approach, Angyan et al.6 derived analytic first
and second derivatives of the polarization energy for models
that use isotropic polarizability tensors. Rullmann and van
Duijnen7 used symmetric anisotropic polarizability tensors in
a polarizable water model and performed Monte Carlo MC
simulations, in which the gradients of the polarization energy
are not required. In general, when anisotropic polarizability
tensors are used, both the forces and torques on the polariz-
ability points must be considered in the evaluation of the
gradients. However, to the best of our knowledge, analytic
energy gradients for anisotropic polarizability tensors have
not been reported in the literature.
The effective fragment potential EFP method8–15 has
been developed over the past decade as a low cost method
for modeling intermolecular interactions in combined quan-
tum mechanical and molecular mechanical QM/MM stud-
ies. As a force field, the EFP method can also be used in MC
and MD simulations. In the EFP method, the polarization
energy is modeled with asymmetric anisotropic polarizability
tensors located at the centroids of the localized molecular
orbitals LMOs. Approximate gradients both forces and
torques of the EFP polarization energy have been derived
and implemented by Day et al.8 While approximate gradients
with very small errors are acceptable for geometry optimiza-
tions of small clusters, molecular dynamics simulations gen-
erally require tens to hundreds of thousands of time steps.
For such simulations, even very small errors accumulate and
cause problems with energy conservation.
For isotropic polarizability tensors, the forces there is
no torque on isotropic tensors can be derived based on a
variational treatment of the polarization energy, which leads
to vanishing induced dipole derivatives.1,3 However, for
asymmetric anisotropic polarizability tensors, the variational
approach cannot lead to correct expressions for the forces
and torques at the polarizability points, so the derivatives of
the induced dipoles must be explicitly evaluated. In this
work, the analytic energy gradients both forces and torques
for anisotropic polarizability tensors are derived via a direct
differentiation approach in the form of matrix equations. The
merit of using matrix equations is that closed expressions can
be formulated and the derivations can be simplified. In gen-
eral, as shown below, the exact polarization energy gradients
can be evaluated analytically at a very low cost, given that
the induced dipoles have been determined.
The matrix equations for the EFP polarization energy are
formulated in Sec. II A, and the general expression of the
polarization energy gradient is derived in Sec. II B. In Secs.
II C and II D, the expressions for the forces and torques are
derived and discussed. The application of periodic boundary
conditions and switching functions to the EFPs is discussed
in Sec. II E. After a brief description of the computational
methodology in Sec. III A, numerical results of EFP/MD
simulations are presented and discussed in Sec. III B. Con-
clusions are presented in Sec. IV.
II. THEORY
A. EFP polarization energy
In the EFP method the intermolecular electrostatic Cou-
lomb interaction is modeled with static multipole expansion
aAuthor to whom correspondence should be addressed. Electronic mail:
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points located at atoms and bond centers. In order to account
for nonclassical effects, the Coulomb potential is modified
by a distance-dependent cutoff screening term. The polar-
ization energy is modeled with anisotropic dipole polariz-
ability tensors located at the centroids of localized bond and
lone pair orbitals of the molecules. In the electric fields of
the EFP static multipoles, the polarizability tensors generate
induced dipoles. The interactions between the induced di-
poles in different molecules are also considered in the EFP
method; therefore, the induced dipoles of one molecule are
determined by the fields of both the static multipoles and the
induced dipoles of other molecules.
A dipole polarizability tensor i in the EFP method has
nine components and can be written as a tensor operator,
i = i,xx i,xy i,xzi,yx i,yy i,yz
i,zx i,zy i,zz
 . 1
In a total field Ei
total the induced dipole vector pi at the po-
larizability tensor i is
pi = iEi
total
= i,xx i,xy i,xzi,yx i,yy i,yz
i,zx i,zy i,zz
Ei,x
total
Ei,y
total
Ei,z
total 2
or
pi,x = i,xxEi,x
total + i,xyEi,y
total + i,xzEi,z
total
,
pi,y = i,yxEi,x
total + i,yyEi,y
total + i,yzEi,z
total
, 3
pi,z = i,zxEi,x
total + i,zyEi,y
total + i,zzEi,z
total
.
The inverse of i is also an operator, which acts on the
induced dipole pi and produces the total field Ei
total
,
Ei
total
= i−1pi = i,xx i,xy i,xzi,yx i,yy i,yz
i,zx i,zy i,zz

−1
pi. 4
The total field Ei
total at i which belongs to molecule I
is the sum of the fields created by the static multipoles and
induced dipoles in all the molecules except for molecule I,
Ei
total
= Ei + Ei
p
= 
kI
Ei
k + 
jI
Ei
pj
, 5
where k and j, respectively, run over all the static multipoles
and induced dipoles except for those in molecule I. The elec-
tric field at polarizability tensor i due to an induced dipole
p j in another molecule is
Ei,x
pj = −
pj,x
rij
3 +
3xijxijpj,x + xijyijpj,y + xijzijpj,z
rij
5 ,
Ei,y
pj = −
pj,y
rij
3 +
3yijxijpj,x + yijyijpj,y + yijzijpj,z
rij
5 , 6
Ei,z
pj = −
pj,z
rij
3 +
3zijxijpj,x + zijyijpj,y + zijzijpj,z
rij
5 ,
where xij =xi−xj, yij =yi−yj, and zij =zi−zj; xi ,yi ,zi and
xj ,yj ,zj are the coordinates of the i and j polarizability
points. Equation 6 can be written as a matrix equation,
Ei
pj = Tijp j 7
with the matrix operator Tij,
Tij = −
1
rij
3 −
3xijxij
rij
5 −
3xijyij
rij
5 −
3xijzij
rij
5
−
3yijxij
rij
5
1
rij
3 −
3yijyij
rij
5 −
3yijzij
rij
5
−
3zijxij
rij
5 −
3zijyij
rij
5
1
rij
3 −
3zijzij
rij
5
 . 8
Tij is a symmetric matrix.
Combining Eqs. 4, 5, and 7 gives
Ei
total
= i−1pi = Ei + 
jI
Ei
pj = Ei + 
jI
Tijp j . 9
Therefore,
i−1pi − 
jI
Tijp j = Ei. 10
Since Eq. 10 holds for all of the polarizability points, a
matrix equation that links all the polarizability tensors, elec-
tric fields, and induced dipoles can be constructed,
Dp = E . 11
E is a set of electric fields at the polarizability tensors due to
the static multipoles note that the induced dipoles are not
included in E of other molecules. The elements of the ma-
trix D are operators that act on dipoles to produce fields.
These operators can be expressed as 33 matrices, since
dipoles and fields are three-component vectors. The diagonal
elements of D are inverses of the polarizability tensors,
Dii = i−1 = i,xx i,xy i,xzi,yx i,yy i,yz
i,zx i,zy i,zz

−1
. 12
If i and j belong to the same molecule, the off-diagonal
elements of D are 33 zero matrices,
Dij = 0 0 00 0 00 0 0  . 13
Otherwise cf. Eq. 8,
Dij = − Tij . 14
To obtain the induced dipoles, the inverse of D can be
applied,
p = D−1E . 15
However, iterative methods based on Eq. 16 are more com-
mon,
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pi = iEi
total
= iEi − ji Dijp j	 . 16
An initial guess usually zero or from a previous calculation
of the induced dipoles can be substituted into the right side
of Eq. 16 to produce a new set of induced dipoles in the left
side of Eq. 16. In the EFP method, the simplest Jacobi
single-point iterative method16 is implemented. The conver-
gence criterion is that the difference between the induced
dipoles in two consecutive iterations be smaller than
10−10 a.u. for every polarizable point. Usually 10–13 itera-
tions are required to attain convergence. In order to have
good energy conservation in MD simulations, a tight conver-
gence criterion such as 10−10 a.u. is necessary.
The polarization energy of the induced dipoles in the
field is the reversible work required to charge the field E
from zero to full strength both p and E are column
vectors,17
Gpol = − 

0
full
pTdE = − 

0
full
D−1ETdE
= − 

0
full
ETD−1TdE = − 12E
TD−1TE
= −
1
2p
TE = − 12E
Tp = − 12E
TD−1E . 17
Note that the transpose of the D−1 in Eq. 17 does not affect
the final Gpol value.
B. Gradients of the polarization energy
In EFP calculations, the internal geometries of the mol-
ecules are frozen, leaving three translational and three rota-
tional degrees of freedom for each molecule. The forces on a
molecule and the torques on the molecule about its center of
mass due to the polarization energy are the negative deriva-
tives of the polarization energy with respect to the transla-
tional and rotational motions of the molecule.
Based on Eq. 17, the derivative of the polarization en-
ergy Gpol with respect to a translational or rotational coordi-
nate, w, is
Gpol/w = −
1
2 E/w
TD−1E − 12E
TD−1/wE
−
1
2E
TD−1E/w . 18
Since p=D−1E, the first term in Eq. 18 can be written as
−
1
2 E/w
TD−1E = − 12 E/w
Tp . 19
The third term in Eq. 18 can be transposed and rewritten as
−
1
2E
TD−1E/w = − 12 E/w
TD−1TE . 20
Defining
p˜ = D−1TE , 21
Eq. 20 becomes
−
1
2E
TD−1E/w = − 12 E/w
Tp˜ . 22
If the polarizability tensors are asymmetric, p˜ is different
from p. Combining the first and third terms for Eq. 18 leads
to
−
1
2
E/wTD−1E −
1
2
ETD−1E/w
= −
1
2
E/wTp −
1
2
E/wTp˜
= − E/wTp + p˜2 	 . 23
The second term of Eq. 18 contains the derivative of
the inverse of D, and is difficult to evaluate directly. Using
the standard relation,
D−1D = I⇒ D−1D/w = 0⇒ D−1/wD
+ D−1D/w = 0⇒ D−1/w
= − D−1D/wD−1. 24
The derivative of the inverse of D can be expressed as the
derivative of D, which is very simple. The inverse of D can
be combined with E in the second term of Eq. 18 to form p
and p˜, respectively,
−
1
2E
TD−1/wE = 12E
TD−1D/wD−1E
=
1
2 p˜
TD/wp . 25
So,
Gpol/w = − E/wTp + p˜2 	 + 12 p˜TD/wp
= − 
n
N
En/wTpn + p˜n2 	
+
1
2n
N

m
N
p˜n
TDnm/wpm, 26
where m and n run over all of the N induced dipoles.
To evaluate the forces and torques on the polarizability
points, two sets of induced dipoles p and p˜ are necessary if
the polarizability tensors are asymmetric. p and p˜ are defined
in Eqs. 15 and 21, respectively, and can be computed via
direct matrix inversion. p can also be determined iteratively
by using Eq. 16. Similarly, p˜ can be obtained iteratively by
using the following:
p˜i = i
TE˜ i
total
= i
TEi + Ei
p˜ = i
TEi − ji Dijp˜ j	 . 27
Note that Dij = DijT=D ji= D jiT for i j.
Next the forces and torques are discussed in detail.
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C. Forces
When a molecule translates, all of the polarizability
points in the molecule translate with the molecule. The sum
of the forces on individual polarizability points is the total
polarization force on this molecule. In the following the
forces at the individual polarizability points are derived.
If w is xi, the x coordinate of the polarizability tensor i,
Eq. 26 is the negative force at the tensor i in the x
direction,
Gpol/xi = − 
n
N
En/xiTpn + p˜n2 	 + 12n
N

m
N
p˜n
TDnm/xipm
= − Ei/xiTpi + p˜i2 	 + 12 p˜iTDii/xipi + 12 mi
N
p˜i
TDim/xipm +
1
2ni
N
p˜n
TDni/xipi
= − Ei/xiTpi + p˜i2 	 + 12 mi
N
p˜i
TDim/xipm +
1
2ni
N
p˜n
TDni/xipi. 28
When tensor i translates, only the electric field at tensor i
changes. The electric fields due to static multipoles at all
other tensors are not subject to change. Consequently, only
Ei /xi is nonzero. When xi changes, only the elements of
the ith row and the ith column of the D matrix are subject to
change. Dii is the inverse of the polarizability tensor, and is
not subject to change. As a result, only Dim /xi and Dni /xi
are nonzero.
So, Eq. 28 can be written as note E˜ i
total
=Ei
− jiDijp˜ j =Ei+Ei
p˜
Gpol/xi = − Ei/xiTpi + p˜i2 	 − 12 Eip/xiTp˜i
−
1
2
Ei
p˜/xiTpi
= −
1
2
E˜ i
total/xiTpi + Ei
total/xiTp˜i . 29
According to Eq. 29, the force on a polarizability point
can be evaluated with the induced dipoles both pi and p˜i
and the gradients of the total fields both E˜ i
total and Ei
total.
D. Torques
The overall rotation of a molecule about its center of
mass c.m. can be decomposed into individual rotations of
the polarizability tensors plus individual translations of the
tensors. Therefore the total polarization torque on a molecule
about its c.m. is the sum of the individual torques on the
tensors plus the moments formed by the forces on the ten-
sors. The forces on individual tensors have been discussed
above. In the following the individual torques on the tensors
are derived.
The derivative of the EFP polarization energy with re-
spect to the rotation of the polarizability tensor i in the
y-z plane around the x axis, denoted as  x
i  is
Gpol/ x
i
= − 
n
N
En/ x
i Tpn + p˜n2 	
+
1
2n
N

m
N
p˜n
TDnm/ x
i pm. 30
Only the diagonal elements the inverses of the tensors of
the D matrix are subject to change when the tensor rotates.
The fields at the tensor due to static multipoles and induced
dipoles in other molecules are not subject to change, there-
fore En / x
i
=0. The fields at the tensor due to the induced
dipoles in other molecules with relevance to the off-
diagonal elements of the D matrix are not subject to change
either. So, Eq. 30 becomes
Gpol/ x
i
=
1
2 p˜i
TDii/ x
i pi
=
1
2 p˜i
Ti
−1/ x
i pi
= −
1
2 p˜i
Ti
−1i/ x
i i
−1pi
= −
1
2 E˜ i
totalTi/ x
i Ei
total
. 31
Therefore the torques negative rotational derivatives on a
polarizability point can be calculated with the rotational de-
rivatives of the polarizability tensor and the total electric
fields both E˜ i
total and Ei
total at the tensor. The derivatives of
the dipole polarizability tensor with respect to the rotations
around the x, y, and z axes, obtained by taking the limits of
the differences between the rotated tensors and the original
tensor in Cartesian coordinates, are given in Eqs. 32–34,
respectively.
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i/ x
i
=  0 i,xz − i,xyi,zx i,yz + i,zy i,zz − i,yy
− i,yx i,zz − i,yy − i,yz − i,zy
 , 32
i/ y
i
= − i,xz − i,zx − i,zy i,xx − i,zz− i,yz 0 i,yx
i,xx − i,zz i,xy i,xz + i,zx
 , 33
i/ z
i
= i,xy + i,yx i,yy − i,xx i,yzi,yy − i,xx − i,xy − i,yx − i,xz
i,zy − i,zx 0
 . 34
So the torque in the x direction the minus of Eq. 31 can
be evaluated with Eqs. 31 and 32,
i,x =
1
2 E˜ i
totalTi/x
i Ei
total
=
1
2 i,xzE˜ i,x
totalEi,y
total
− i,xyE˜ i,x
totalEi,z
total + i,zxE˜ i,y
totalEi,x
total + i,yz + i,zyE˜ i,y
totalEi,y
total + i,zz − i,yyE˜ i,y
totalEi,z
total
− i,yxE˜ i,z
totalEi,x
total
+ i,zz − i,yyE˜ i,z
totalEi,y
total
− i,yz + i,zyE˜ i,z
totalEi,z
total . 35
In the following it is shown that the torque on a polarizability point can also be evaluated with the induced dipole, instead
of the derivatives of the polarizability tensor.
The torque in the x direction on a static point dipole ps in the presence of a field Es is
x
s
= EsT · ps/x = EsTps/x . 36
The derivatives of the static dipole vector ps with respect to rotations about the x, y, and z axes are new vectors with their three
components obtained by taking the limits of the differences between the rotated dipoles and the original dipole in Cartesian
coordinates.
ps/x =  0pzs
− py
s , ps/y = 
− pz
s
0
px
s , ps/z = 
py
s
− px
s
0
 . 37
So, Eq. 36 becomes the familiar expression of the torque on a dipole,
x
s
= Ey
spz
s
− Ez
spy
s
. 38
The three components of an induced dipole pi are determined by the polarizability tensor i and the total field Ei
total cf.
Eq. 3. Replacing ps and Es in Eq. 38 with pi and E˜ i
total leads to
x
p
= E˜ i,y
totalpi,z − E˜ i,z
totalpi,y = E˜ i,y
totalEi,x
totali,zx + Ei,y
totali,zy + Ei,z
totali,zz − E˜ i,z
totalEi,x
totali,yx + Ei,y
totali,yy + Ei,z
totali,yz . 39
The three components of p˜i are determined by the transpose of the polarizability tensor i i.e., i
T and the total field E˜ i
total cf.
Eq. 27,
p˜i,x = i,xxE˜ i,x
total + i,yxE˜ i,y
total + i,zxE˜ i,z
total
,
p˜i,y = i,xyE˜ i,x
total + i,yyE˜ i,y
total + i,zyE˜ i,z
total
,
p˜i,z = i,xzE˜ i,x
total + i,yzE˜ i,y
total + i,zzE˜ i,z
total
. 40
Replacing ps and Es in Eq. 38 with p˜i and Ei
total leads to
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x
p˜
= Ei,y
totalp˜i,z − Ei,z
totalp˜i,y = Ei,y
totalE˜ i,x
totali,xz + E˜ i,y
totali,yz + E˜ i,z
totali,zz − Ei,z
totalE˜ i,x
totali,xy + E˜ i,y
totali,yy + E˜ i,z
totali,zy . 41
Combining and halving Eqs. 39 and 41 gives
i,x =
1
2 E˜ i,y
totalpi,z − E˜ i,z
totalpi,y + Ei,y
totalp˜i,z − Ei,z
totalp˜i,y 42
=
1
2 + E˜ i,y
totalEi,x
totali,zx + Ei,y
totali,zy + Ei,z
totali,zz − E˜ i,z
totalEi,x
totali,yx + Ei,y
totali,yy + Ei,z
totali,yz
+ Ei,y
totalE˜ i,x
totali,xz + E˜ i,y
totali,yz + E˜ i,z
totali,zz − Ei,z
totalE˜ i,x
totali,xy + E˜ i,y
totali,yy + E˜ i,z
totali,zy 43
=
1
2 i,xzE˜ i,x
totalEi,y
total
− i,xyE˜ i,x
totalEi,z
total + i,zxE˜ i,y
totalEi,x
total + i,yz + i,zyE˜ i,y
totalEi,y
total + i,zz − i,yyE˜ i,y
totalEi,z
total
− i,yxE˜ i,z
totalEi,x
total + i,zz − i,yyE˜ i,z
totalEi,y
total
− i,yz + i,zyE˜ i,z
totalEi,z
total . 44
Equation 44 is exactly Eq. 35. Thus it is proved that the
torques on polarizability tensors can be equivalently calcu-
lated with the induced dipoles and the total fields, as shown
by Eq. 42. Equations 35 and 42 are mathematically
identical, and are very similar in computer code development
and computational efficiency. Equation 42 is conceptually
more physical because it resembles the expression of the
torque on a static dipole.
Therefore, both the forces and torques on the polarizabil-
ity points can be evaluated with the induced dipoles and total
electric fields.
E. Switching function
Periodic boundary conditions PBCs are commonly ap-
plied in molecular dynamics simulations, and the minimum
image convention18 MIC has been a very popular choice.
The MIC-PBC has been implemented for the EFP method by
using the distances between the centers of masses of the
rigid molecules as the intermolecular distances.
To ensure energy conservation in MD simulations,
switching functions are often applied to modify the intermo-
lecular potential so that the interaction potential energies/
forces for molecular pairs smoothly fade to zero within the
periodic cell.17 The EFP interactions are pairwise additive
except for the polarization energy. The application of a
switching function to the potential of a pair of molecules is
accomplished by multiplying the original EFP VEFP by a
switching function S to produce a modified potential VS
VS = VEFPS , 45
where S is a function of the distance between the centers of
masses of the pair of molecules.
The modified forces are the original forces scaled by the
switching function plus the energy scaled by the gradients of
the switching function. For example, the force on a transla-
tional coordinate x is
VS/x = VEFP/xS + VEFPS/x . 46
The modified torques are simply the original torques scaled
by the switching function because the rotational derivatives
of the switching function are zero S depends only on the
intermolecular distance, not on the relative orientation. So,
VS/x = VEFP/xS + VEFPS/x = VEFP/xS .
47
The MIC-PBC and switching functions can also be applied
to the EFP polarization energy. The induced dipoles in one
molecule are determined by the electric fields at the polariz-
ability tensors of the molecule due to the static multipoles
and induced dipoles of other molecules. The MIC-PBC thus
can be applied straightforwardly by periodically reposition-
ing the polarizability tensors or equivalently repositioning
the EFP static multipoles, while keeping all the equations
discussed in Secs. II A–II D exactly in the same form.
However, when switching functions are applied, the
form of the equations must be changed to include S. The
electric fields at the polarizability tensors due to the EFP
static multipoles and induced dipoles must be modified in a
pairwise manner. Note that the switching function S will gen-
erally have different values for different pairs of molecules
with different intermolecular distances i.e., the distances be-
tween their c.m.’s. This is discussed in more detail below.
The switching-function-modified fields ES and the DS
matrix are used to determine the induced dipoles cf. Eqs.
15 and 21,
p = DS
−1ES, 48
p˜ = DS
−1TES. 49
The polarization energy of the system is cf. Eq. 17
Gpol = −
1
2ES
TDS
−1ES. 50
The gradient of the polarization energy is cf. first line in Eq.
26
Gpol/w = − ES/wTp + p˜2 	 + 12 p˜TDS/wp . 51
In detail, the force is cf. last line in Eq. 28
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Gpol/xi = − ES,i/xiTpi + p˜i2 	 + 12 mi
N
p˜i
TDS,im/xipm +
1
2ni
N
p˜n
TDS,ni/xipi
= − 
kI
SkiEi
k/xiTpi + p˜i2 	 + 12 mi
N
p˜i
TSimDim/xipm +
1
2ni
N
p˜n
TSniDni/xipi
= − 
kI
SkiEi
k/xiTpi + p˜i2 	 − kI Ski/xiEikTpi + p˜i2 	 + 12 mi
N
Simp˜i
TDim/xipm
+
1
2 mi
N
Sim/xip˜i
TDimpm +
1
2ni
N
Snip˜n
TDni/xipi +
1
2ni
N
Sni/xip˜n
TDnipi, 52
where k runs over all of the static multipole points except for
the ones that belong to molecule I, and n and m run over all
of the polarizability points except for i. Ski is the value of the
switching function for polarizability points k and i.
The first term of Eq. 52 is the force in the field of the
static multipole points on the polarizability point scaled by
the switching function; the second term is the interaction
energy in the field of the static multipole points of the
induced dipoles pi and p˜i scaled by the derivative of the
switching function; the third term is the forces on p˜i due to
pm scaled by the switching function Sim; the fourth term is
the interaction energy between p˜i and pm scaled by the de-
rivative of the switching function Sim; the fifth term contains
the forces on pi due to p˜n scaled by the switching function
Sni; and the sixth term is the interaction energy between pi
and p˜n scaled by the derivative of the switching function Sni.
With switching functions, the torques on individual po-
larizability points can be evaluated with the induced dipoles
and the total fields multiplied by the switching functions cf.
Eq. 42,
i,x =
1
2 E˜ i,y
totals pi,z − E˜ i,z
totals pi,y + Ei,y
totals p˜i,z
− Ei,z
totals p˜i,y . 53
This is equivalent to multiplying the pairwise torques on
individual polarizability points due to the static multipoles
and induced dipoles of other molecules with switching func-
tions.
There are many choices for switching functions.17 The
well-known fifth-order polynomial switching function is
used in the following form:19,20
if rc.m. ra, S = 1,
if ra  rc.m. rb, S = 1 − 10 rc.m.2 − ra2
rb
2
− ra
2 	3
+ 15 rc.m.2 − ra2
rb
2
− ra
2 	4 − 6 rc.m.2 − ra2
rb
2
− ra
2 	5,
if rb  rc.m., S = 0, 54
where rc.m. is the distance between the c.m.’s of two mol-
ecules, and ra and rb are the starting and end points of the
switching function, respectively. It is trivial to show that at
rc.m.=ra and rc.m.=rb, both the first and second derivatives of
S are zero.
III. NUMERICAL RESULTS
A. Computational methodology
All calculations were performed with the quantum
chemistry program GAMESS,21,22 in which the EFP method is
implemented. In this study, the analytic gradients of the EFP
polarization energy, MIC-PBC, and switching functions were
implemented using the expressions derived in Sec. II.
The MD simulations23 were performed in NVE en-
sembles in which the volume and total energy are constant
while pressure and temperature may fluctuate. MIC-PBC is
imposed using cubic cells to ensure constant volumes. The
MD integration of the translations and rotations of the mol-
ecules is done via velocity and quaternion Verlet
algorithms.19,24 The MD time step size is chosen to be
310−16 s. This is smaller than the usual 110−15 s, prima-
rily to minimize any possibility of integration errors in the
demonstration of energy conservation.
B. MD energy conservation
Energy conservation is crucial for MD simulations. Two
systems are selected to demonstrate energy conservation in
MD simulations with the EFP method Figs. 1 and 2. The
study of the properties of these and other systems of interest
using the EFP/MD method will be published in forthcoming
papers.
The first system consists of 512 water molecules mod-
eled with the EFP1-HF method8 Fig. 1. Three types of
interactions are parametrized in the EFP1-HF method: elec-
trostatic interaction, polarization, and exchange repulsion
+charge transfer xrct. The electrostatic interaction is mod-
eled with static or permanent multipoles located at atoms and
bond centers thus five points for H2O. The xrct is fitted to
exponential functional forms with four repulsive sites three
atomic sites plus the center of mass. The polarization is
modeled with five asymmetric anisotropic polarizability ten-
sors located at the centroids of the five localized molecular
orbitals LMOs of H2O. The size of the MIC-PBC cubic cell
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is 24.8 Å, chosen to reproduce the correct water density. The
switching function is applied with a starting point of 10.0 Å
and an end point of 12.4 Å. The simulation is performed on
an Opteron-185 2.6 GHz CPU that delivers 4000 MD
steps per day. After equilibration, the total electrostatic inter-
action energy, polarization energy, and xrct energy of the
system are approximately in the sense of fluctuation −9.2,
−1.8, and +3.9 h, with a total potential energy of approxi-
mately −7.1 h. With a kinetic energy of approximately 1.4 h,
the total energy of the system is conserved at −5.652 15 h
−3546.78 kcal/mol in 50 000 time steps, with a standard
deviation of 0.000 03 h 0.02 kcal/mol. The average tem-
perature of the system is 311 K, with a standard deviation of
7 K.
The second system consists of 64 water molecules mod-
eled with the EFP2 method12–15,25 Fig. 2. The EFP2 poten-
tial was generated at the RHF/6-31+ +Gd , p level of
theory, based on the H2O structure optimized at the MP2/6
-31+ +Gd , p level of theory. All of the EFP2 interactions,
which include electrostatic, polarization,
exchange-repulsion,12,15,25 charge transfer,14 and dispersion13
interactions, are included in the MD simulation. The size of
the MIC-PBC cubic cell is 12.4 Å. The switching function is
applied with a starting point of 5.2 Å and an end point of
6.2 Å. The simulation is performed in parallel on 16 IBM
Power3-II 375 MHz CPUs that deliver 1700 MD steps
per day. After equilibration, the total electrostatic interaction
energy, polarization energy, charge transfer energy, disper-
sion energy, and exchange-repulsion energy of the system are
approximately −1.56, −0.38, −0.20, −0.12, and +1.06 h,
with a total potential energy of approximately −1.20 h.
With a kinetic energy of approximately +0.20 h, the
total energy of the system is conserved at −0.991 807 h
−622.369 kcal/mol in 15 000 time steps, with a standard
deviation of 0.000 005 h 0.003 kcal/mol. The average
temperature of the system is 348 K, with a standard devia-
tion of 21 K.
Clearly, energy is conserved very well in these MD
simulations with the EFP methods. The fluctuation of the
total energy is due to the MD integration errors. All of the
EFP interactions, especially the polarization energy modeled
with asymmetric anisotropic polarizability tensors, have been
rigorously derived and properly implemented to yield exact
forces/torques when MIC-PBC and switching functions were
applied.
IV. CONCLUSION
The most general expressions of the polarization energy
gradients, i.e., when the polarization is modeled with asym-
metric anisotropic polarizability tensors, have been derived
and implemented in the EFP method. The derivation is rig-
orously based on direct differentiation in matrix-equation
format, without applying the variational treatment and/or the
complicated derivatives of the induced dipoles. It is shown
that both the forces and torques can be evaluated with the
induced point dipoles as if they were permanent point di-
poles and the total electric fields at the polarizability points.
When asymmetric polarizability tensors are used, two sets of
induced dipoles and total fields are necessary to evaluate the
gradients. The general expressions may be reduced to sim-
pler expressions when symmetric-anisotropic or isotropic
scalar polarizability tensors are used.
When periodic boundary conditions and switching func-
tions are applied, the EFP polarization energy and gradients
must be changed accordingly. Using the minimum image
convention of the periodic boundary condition MIC-PBC
and a fifth-order polynomial switching function, very good
energy conservation has been realized in the MD simulations
with the EFP method.
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